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Abstract This paper presents a fundamental gas-kinetic study on a high speed planar rareﬁed
jet impinging on a ﬂat plate of specular reﬂections. Based on previous collisionless planar free jet
results, it is straightforward to obtain jet impingement ﬂowﬁeld solutions, and jet impingement for
specular reﬂective plate surface properties. Several direct simulation Monte Carlo simulation results
are provided and they validate these analytical solutions of rareﬁed planar jet ﬂows. The results can
ﬁnd applications in many disciplines, such as materials processing, molecular beams, and space engi-
neering. c© 2012 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1202201]
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Gaseous free jet and jet impingement on a normally
set plate are two fundamental ﬂuid dynamic problems,
and have numerous applications. As the counterpart
of the continuum ﬂow limit, the exact solutions to the
highly rareﬁed jet and jet impingement ﬂows provide
the other bounding limit. In many applications, such
as high speed rocket plumes,1,2 the contributions from
particle collisions are insigniﬁcant; as such, the collision-
less ﬂow solutions provide us very good approximations
even for near continuum ﬂows. Other application exam-
ples include atomic/molecular beams3,4 and materials
processing inside vacuum chambers.5
This paper summarizes some recent work on highly
rareﬁed gaseous planar jet and jet impingement ﬂow
solutions. It discusses the exact solutions for collision-
less planar jets expanding into vacuum and collision-
less planar jets impinging on a normally set ﬂat plate
with specular reﬂections. The paper compares the exact
analytical rareﬁed specular impingement solutions with
direct simulation Monte Carlo (DSMC)6 simulation re-
sults, with a few conclusions provided at the end.
A diﬀuse reﬂection means that a particle collides at
a surface, and it bounces back reversely and uniformly
inside a solid angle on the same side of the local tan-
gent plane. For a planar plate surface, the solid angle
forms a π span. For a specular reﬂection, reﬂected par-
ticle’s normal momentum is reversed while the tangent
momentum maintains unchanged.
Narasimha7 discussed an eﬀusion ﬂow between two
chambers of diﬀerent pressure. The average velocity
of gas at the chamber end is assumed to be zero and
the nozzle exit is circular. For the case of free molecu-
lar ﬂows out of a nozzle with a nonzero average veloc-
ity, Narasimha’s investigation8 indicated that the den-
sity solution for the plume is rather complicated with
many cosine functions. Another rocket plume treat-
ment, which is based on the collisionless ﬂows, was
suggested by Woronowicz.9 He proposed the concept of
a starting surface which alleviates the diﬃculty of the
plume problem.
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Fig. 1. The problem of collisionless jet impingement on a
specular reﬂective ﬂat plate.
Recently a crucial relation between geometry and
velocity10 was revealed and utilized to analyze colli-
sionless jet ﬂows.10–12 Based on that work, Khaleel and
Cai13,14 further obtained plume impingement on a dif-
fuse ﬂat plate, which can be used to estimate rocket
plume impingement on spacecraft solar panels. Cai and
Wang15 performed a set of numerical studies on the ex-
act solutions for high speed plume ﬂows out of a cir-
cular exit, and compared them with the traditional co-
sine law/Simons model.16 The results indicate that the
current gas kinetic solutions are superior to the cosine
law/Simons model. However, the previous impingement
work was only for diﬀuse plate surface. This paper aims
to conclude the work by presenting the results to the
problem of impingement on a ﬂat plate with specular
reﬂection surface properties. Figure 1 illustrates the
problem.
For a dilute gas ﬂow in equilibrium, the ve-
locity distribution is described as a full Maxwellian
distribution.6,17,18 With a total number density n0 and
a temperature T0, the velocity distribution function at
any point of the exit is
f(u, v) = n0
(
β0
π
)
exp[−β0(u2 + v2)], (1)
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where β0 = 1/(2RT0). For an exit velocity with a
nonzero average value of (U0, 0, 0), the integration do-
main for the above equation maintains the same shape,
but the domain formed by those particles can result in
a ﬂowﬁeld P (X,Y ) shifts along the u-axis by a value
of U0.
10 With a known velocity distribution f(u, v) for
a point P (X,Y ), the average normalized macroscopic
number density, velocities, temperature and pressure at
P (X,Y ) can be evaluated using the velocity distribu-
tion function, e.g. Vincenti and Kruger.18
For collisionless ﬂow impingement on a specular ﬂat
plate, the ﬂowﬁeld and surface properties can be shown
as follows. If the plate is omitted, Figure 1 degenerates
to the problem of collisionless free jet expanding into
vacuum. From a given point (0, y) at the exit, only
particles with speciﬁc velocity components can arrive
at a speciﬁc point P (X,Y ) in front of the exit10
tan(θ) =
Y − y
X
=
v
u+ U0
,−H < y < H,
tan(θ1) =
Y −H
X
, tan(θ2) =
Y +H
X
. (2)
Here H is the semi-height of the nozzle, from where
collisionless planar free jet expands into vacuum. The
ﬂow ﬁeld results for this free expanding ﬂow case are10
n1(X,Y )
n0
=
exp(−S20)
2π
(θ2 − θ1) +
1
4
[
erf(S0 sin θ2)− erf(S0 sin θ1)
]
+
S0
2
√
π
∫ θ2
θ1
exp(−S20 sin2 θ) ·
cos θerf(S0 cos θ) d θ, (3)
√
β0U1(X,Y ) =
exp(−S20)n0
4πn1
{
S0(θ2 − θ1) +
S0
2
[
sin(2θ2)− sin(2θ1)
]
+
√
π
∫ θ2
θ1
(1 + 2S20 cos
2 θ) cos θ exp(S20 cos
2 θ) ·
[
1 + erf(S0 cos θ)
]
d θ
}
, (4)
√
β0V1(X,Y ) =
n0
4
√
πn1
{
exp(−S20 sin2 θ1) cos θ1 ·[
1 + erf(S0 cos θ1)
]− exp(−S20 sin2 θ2) ·
cos θ2
[
1 + erf(S0 cos θ2)
]}
, (5)
T1(X,Y )
T0
= − (U
2
1 + V
2
1 )n0
3RT0n1
+
exp(−S20)n0
6πn1
·{
(3 + S20)(θ2 − θ1) +
S20
2
[
sin(2θ2)− sin(2θ1)
]
+
2
√
π
∫ θ2
θ1
(2 + S20 cos
2 θ)S0 cos θ exp(S
2
0 cos
2 θ) ·
Fig. 2. Thermal velocity phases for collisionless jet impinge-
ment on a specular reﬂective ﬂat plate.
[
1 + erf(S0 cos θ)
]
d θ
}
, (6)
where S0 = U0/
√
2RT0 is the speciﬁc exit velocity ratio.
It should be noted that the above results are not only
accurate for single planar jet, but also extendable to
multiple jets.19
Planar rareﬁed jet impingement on a ﬂat plate is
very important with many practical applications, our
previous study on diﬀuse wall has provided abundant
results. As such, this paper concentrates on specular
scenario only. The specular plate scenario is the other
limiting case for collisionless molecule reﬂections, and
together with the diﬀuse reﬂection case, actually forms
a regime where all real reﬂections occur. For specular
reﬂections, it is still necessary to satisfy the condition of
zero normal ﬂux at the wall, or U -velocity component
must be zero. While the tangent direction momentum
must maintain unchanged, a slip velocity along the tan-
gent direction is permitted. Figure 1 illustrates this
problem and the approach to solve this problem. A
high speed gas jet ﬁres from a nozzle of 2H, and the
nozzle exit molecules are characterized by the number
density n0 and temperature T0. At any point in front
of the nozzle, the velocity phase consists of two groups
of particles, one from the nozzle and the other from
a specular reﬂective surface. This set of solutions are
closely related with the free jet ﬂows plus the reﬂected
particles from the surface.
To satisfy the above constrains on the velocity com-
ponents, a new convenient approach is to set an identi-
cal “virtual” nozzle at the other side of the wall. Figure
2 shows the velocity phase for a general point P (X,Y )
between the nozzle and the wall. This velocity phase is
a portion of zero-centered Maxwellian distribution char-
acterized by the same n0 and T0. By following this ap-
proach, we can illustrate the particle’s thermal velocity
components with one picture.
With the same gas-kinetic theory for the diﬀuse re-
ﬂective ﬂat plate case, and deﬁnitions for two new angles
θ3 = π − arctan[(Y +H)/(2W −X)],
θ4 = π − arctan[(Y −H)/(2W −X)], (7)
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we can obtain
n3(X,Y )
n0
=
exp(−S20)
2π
(θ2 − θ1 + θ4 − θ3) +
1
4
[
erf(S0 sin θ2)− erf(S0 sin θ1) +
erf(S0 sin θ4)− erf(S0 sin θ3)
]
+
S0
2
√
π
[∫ θ2
θ1
exp(−S20 sin2 θ) cos θ ·
erf(S0 cos θ) d θ +
∫ θ4
θ3
exp(−S20 sin2 θ) cos θ ·
erf(S0 cos θ) d θ
]
, (8)
√
β0U3(X,Y ) =
exp(−S20)n0
4πn3
{
S0(θ2 − θ1 +
θ3 − θ4) + 1
2
S0
[
sin(2θ2)− sin(2θ1) +
sin(2θ3)− sin(2θ4)
]
+
√
π
{∫ θ2
θ1
(1 +
2S20 cos
2 θ) cos θ exp(S20 cos
2 θ) ·[
1 + erf(S0 cos θ)
]
d θ +
∫ θ4
θ3
(1 + 2S20 cos
2 θ) ·
cos θ exp(S20 cos
2 θ)
[
1− erf(S0 cos θ)
]
d θ
}}
, (9)
√
β0V3(X,Y ) =
n0
4
√
πn3
{
exp(−S20 sin2 θ1) ·
cos θ1
[
1 + erf(S0 cos θ1)
]− exp(−S20 sin2 θ2) ·
cos θ2
[
1 + erf(S0 cos θ2)
]
+ exp(−S20 sin2 θ4) ·
cos θ4
[
1− erf(S0 cos θ4)
]− exp(−S20 sin2 θ3) ·
cos θ3
[
1− erf(S0 cos θ3)
]}
, (10)
T3(X,Y )
T0
= − (U
2
3 + V
2
3 )n0
3RT0n3
+
exp(−S20)n0
6πn3
·{
S20
2
[
sin(2θ2)− sin(2θ1) + sin(2θ4)−
sin(2θ3)
]
+ (3 + S20)(θ2 − θ1 + θ4 − θ3) +
2
√
π
{∫ θ2
θ1
(2 + S20 cos
2 θ)S0 cos θ exp(S
2
0 cos
2 θ) ·
[
1 + erf(S0 cos θ)
]
d θ −
∫ θ4
θ3
(2 + S20 cos
2 θ) ·
S0 cos θ exp(S
2
0 cos
2 θ) ·[
1− erf(S0 cos θ)
]
d θ
}}
. (11)
Components of shear stress and heat ﬂux on the
plate are zero due to the symmetry condition. The pres-
sure coeﬃcient is
Cp =
exp(−S20)
2π
{∫ θ2
θ1
cos2 θ
{
2(1 + S20 cos
2 θ) +
√
πS0 cos θ(3 + 2S
2
0 cos
2 θ) exp(S20 cos
2 θ) ·[
1 + erf(S0 cos θ)
]}
d θ +
∫ θ4
θ3
cos2 θ ·{
2(1 + S20 cos
2 θ)−√πS0 cos θ(3 + 2S20 cos2 θ) ·
exp(S20 cos
2 θ)
[
1− erf(S0 cos θ)
]}
d θ
}
. (12)
Even though the above equations involve several
complex integral terms, numerical evaluations are fast
and accurate with a computer, compared with DSMC
simulations. It shall be pointed out that some integrals
in the above equations can be further integrated out,
however, the results become more complicated without
signiﬁcantly gain in computing speed, due to this very
reason, we choose the current formats to proceed the
computation.
The remaining part of this paper will examine the
results for collisionless impingement on a specular ﬂat
plate. The solutions for collisionless planar jet expand-
ing into vacuum have been validated in another paper15
and we will not further include the corresponding vali-
dations here. The DSMC simulation package we used is
the particle module of generalized rareﬁed gas simula-
tion package (GRASP-P).20 All analytical solutions for
collisionless ﬂow formulae free jet and jet impingement,
2D/AXI/cluster, have been incorporated into GRASP
as another special module. In simulations for the free
jet problem, an inlet boundary is used to represent the
nozzle which is located at the left bottom corner. A
symmetric line at the domain bottom represents the jet
centerline and vacuum boundaries for other sides. For
the jet impingement problem, an extra specular wall re-
places the right vacuum boundary at the right side of
the domain.
Figure 3 shows analytical collisionless ﬂow density
results, Eq. (8), and the corresponding DSMC simula-
tion results, with Kn = 100 and S0 = 2. As can be
seen, the results are virtually identical. Figure 4 com-
pares the velocity component along the X-direct at the
collisionless limit, Eq. (9). In the scenario where the
free jet expands into a vacuum, the U -velocity com-
ponent continues to increase along the ﬂow direction.
However, for this impingement situation, due to the
plate blockage, the velocity continues to decrease as ex-
pected. The DSMC simulation supports this equation.
Figures 5 shows corresponding comparisons of the V -
velocity components, the exact solution with S0 = 2.
This ﬁgure reﬂects the fact that gas accelerates to leave
the central region. Figure 6 compares exact analytical
Eq. (11) and DSMC simulation results of the temper-
ature ﬁeld, the speed ratio is S0 = 2. The results are
essentially identical. In regions close to the plate, there
are two groups of molecules with exactly opposite ve-
locities, which means the ﬂattest velocity distribution
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Fig. 3. Comparison of normalized DSMC and analytical
number density contours for collisionless jet impingement
on a specular reﬂective ﬂat plate, S0 = 2.
Fig. 4. Comparison of normalized DSMC and analytical
U -velocity component contours for collisionless jet impinge-
ment on a specular reﬂective ﬂat plate, S0 = 2.
functions. As such, the average velocity is zero and the
temperature is high. The temperature ﬁeld along the
plate surface has ∂T/∂n = 0, and the wall temperature
does not have any eﬀect on the ﬂowﬁeld and surface
properties at all.
Figure 7 depicts several pressure coeﬃcient distri-
butions along a specular reﬂective surface, which shows
the rareﬁcation eﬀect on the pressure distribution. The
exact analytical Eq. (12) is presented, while results for
diﬀerent Kn number values are provided with several
DSMC simulations, in which the speed ratio is S0 = 2.
As can be seen, the pressure distribution at the core
region of the impingement achieves the highest value
when Kn number is the largest, i.e. collisionless ﬂows.
This is because that for this limiting case, high speed
particles colliding at the center plate region are not im-
peded by intermolecular collisions. If the gas has more
collisions, which will lead to mixing and averaging of
particles kinetic energy, particles will have lower aver-
Fig. 5. Comparison of normalized DSMC and analytical
V -velocity component contours for collisionless jet impinge-
ment on a specular reﬂective ﬂat plate, S0 = 2.
Fig. 6. Comparison of normalized DSMC and analytical
temperature contours for collisionless jet impingement on a
specular reﬂective ﬂat plate, S0 = 2.
Fig. 7. Comparison of rareﬁcation eﬀects on the pressure
distributions along a specular reﬂective ﬂat plate surface,
S0 = 2.
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age momentum to collide at the ﬂat plate.
In conclusion, this paper presents a study on the
fundamental problem of planar collisionless jet ﬂow im-
pinging on a normally set specular reﬂective ﬂat plate.
The previous approach and results used for free molec-
ular gas expanding into vacuum10 are adopted as the
foundation of the present work. Flowﬁeld properties in-
clude number density, velocity, temperature, and pres-
sure formulae, and surface pressure coeﬃcient distribu-
tion are included. Several DSMC simulations validate
the collisionless ﬂow formulae. These solutions are com-
plex ones involving the eﬀects of geometries and speed
velocity ratios, however, they provide a new point of
view on fundamental jet and jet impingement problems.
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